Assuming a double-well bare potential for a self-interacting scalar field, with the Higgs vacuum expectation value, it is shown that non-perturbative quantum corrections naturally lead to non-interacting ultra-light particles of mass ≃ 10 −23 eV, if these non-perturbative effects occur at a time consistent with the Electroweak phase transition. This mechanism could be relevant in the context of Bose Einstein Condensate studies for the description of cold Dark Matter. Finally, a coupling of this non-perturbative mechanism to the Abelian Higgs model is proposed.
Introduction
This note aims at providing a dynamical mechanism from which ultra-light scalar particles arise naturally, and which therefore could be relevant in the context of Bose-Einstein Condensate (BEC) Dark Matter (DM), proposed initially in [1] and reviewed in [2] . Models based on BEC DM assume the existence of a scalar particle for DM, light enough for its Compton wave length to be of the order of the size of a DM halo. As a consequence, these scalars are in a coherent state, and can be described by a BEC wave function. It is usually assumed that condensed particles are non-relativistic, in order to describe cold DM, and that they decouple from the Standard Model (SM) at some point in the Early Universe. The mechanism proposed here, based on a non-perturbative effect in quantum field theory, explains how such ultra-light particle (m <<eV) can arise in the dressed theory, starting from a bare theory which contains a typical SM mass scale v. Such an effect is possible if the bare theory has several degenerate minima, as the usual double-well potential for a single scalar field: since the dressed potential is necessarily convex [3] , quantum corrections must be strong enough to eliminate the concave part of the bare potential, which allows for an ultra-small ratio m/v. Exploring the possible relevance of this mechanism to BEC DM, we find that the picture is consistent with non-perturbative quantum effects occurring at the Electroweak phase transition, where these ultra-light scalars could appear. As a consequence, a toy model is presented, which couples a complex scalar field involved in the Abelian Higgs model to a real scalar field involved in the present non-perturbative mechanism.
Convexity of the effective potential
The convexity of the effective potential (= potential dressed by quantum corrections) for a scalar theory has been known for a long time, and is a consequence of its definition in terms of a Legendre transform [4] . In the situation where the bare potential has several degenerate minima, convexity is achieved non-perturbatively, and cannot be obtained by a naive loop expansion. The effective potential becomes convex between the two minima of the bare potential, as a result of the contribution of several non-trivial saddle points in the partition function [5] . The construction of the convex effective potential has been shown explicitly in [6] , and we review here the results. We start from the generic double-well bare potential
and define the partition function Z for a finite space time volume V . The semi-classical calculation is done by taking into account both minima of the bare potential, in a saddle point approximation, for the calculation of Z. The dressed potential is then, for |ϕ| ≤ v and in the limit of large space time volume V v 4 >> 1,
As expected, this potential is convex, and higher orders in ϕ are also suppressed by the volume. Outside the minima of the bare potential |ϕ| > v, quantum corrections are perturbative, provided |ϕ| is not too close to the minimum v, for the "inside" and "outside" potentials to match. Note that the dressed potential (2) is universal in the sense that it depends on the bare vev v only, and not on the bare coupling λ.
It has also been shown in [6] that the generalization to an O(N)-symmetric scalar theory gives, for V v 4 >> 1,
where ρ = √ ϕ · ϕ, and the case of a complex scalar field is obtained for N = 2. In what follows we will focus on the case N = 1 though, which is enough to show how the present mechanism could be relevant for BEC DM.
A comment on the Higgs mechanism might be appropriate at this point. As shown in [6] for a general value of N, the non-perturbative quantum fluctuations leading to a convex dressed potential are obtained by summing, in the partition function, over the continuum of minima of the bare potential. A convex dressed potential can therefore not be obtained if the scalar field if coupled to a gauge field. Indeed, in this situation, one needs to fix a gauge in order to define the path integral, such that the minima of the bare potential are not equivalent, and quantum fluctuations are built up from one scalar vacuum only, defined by the choice of gauge. In this sense, the non-perturbative mechanism described here is not consistent with spontaneous symmetry breaking.
Dynamical generation of non-interacting ultra-light particles In the limit of infinite volume, the potential (2) becomes flat between the minima of the bare potential. This corresponds to the "Maxwell construction" in Statistical Mechanics, arising when two phases coexist in a system. In quantum field theory, this flattening means that the true vacuum is a superposition of the different bare vacuua [7] . This effect has motivated studies of inflation [8] , but in this note we will not take the limit of infinite volume. Instead we consider the finite space time volume of causally related events V = l 4 1 , where l 1 is the particle horizon defined at a specific time t 1 to be determined below, and where quantum corrections drive the bare potential (1) to its dressed form (2) . One identifies then the dressed potential (2) with the expression
to find that the mass m and the coupling constant g are
From the previous expression, the large volume condition leads to the inequalities
showing that, necessarily, the dressed mass m is small compared to the bare vev v. We now consider the value m ≃ 10 −23 eV, which is typical in the context of BEC DM [9, 10] . Also, in order to introduce a typical SM mass scale, we set v to the Higgs vev v = 246GeV. We find then that the particle horizon is l 1 ≃ 12cm, corresponding to the cosmological time
−10 s, for a radiation-dominated Universe. It is interesting to see that the choice of the Higgs vev for v leads to a cosmological time consistent with the Electroweak phase transition, which suggests that the value m ≃ 10 −23 eV could indeed be related to this transition. Finally, the large volume assumption is satisfied, since vl 1 ∼ 10 17 , which leads to g ∼ 10 −68 . Thus, after quantum corrections at time t 1 , particles are effectively not interacting. Consequently, the present mechanism cannot describe the models in [11] , which involve self-interactions of the scalar field.
Time evolution
The dressed potential (2) holds as long as |ϕ| ≤ v, but this condition remains valid for later times t > t 1 , since the energy density decreases. More precisely, the equation of motion for the field isφ + 3Hφ + m 2 ϕ = 0 ,
where the Hubble parameter is H = (2t) −1 for the radiation-dominated era. We neglect here the back-reaction of the scalar's dynamics on gravity, which is assumed to be determined by radiation. Since H(t 1 ) ≃ 4 × 10 −6 eV>> m, one can initially neglect the mass term in eq. (7), which can be integrated once to giveφ
whereφ 0 is a constant, corresponding to an initial condition. The energy density is then, if one neglects the potential term m 2 ϕ 2 /2,
and is proportional to the 6th inverse power of the scale factor a(t) = t 1/2 , consistently with [10] . The approximation (9) is not valid anymore around the time t 2 , when the Hubble parameter H(t 2 ) becomes equal to m. This time is t 2 ≃ 3 × 10 7 s, which is still during the radiation-dominated era. A more detailed analysis can be found in [10] , showing that the energy density goes on decreasing, such that the amplitude of the field remains smaller than the bare vev v, and the potential (2) remains appropriate for the description of non-interacting ultra-light particles.
Coupling to the Higgs boson Given the potential link with the Higgs vev, we describe here a toy model which couples the present non-perturbative effect to the Abelian Higgs mechanism. Consider a complex scalar φ = φ 1 + iφ 2 , coupled to an Abelian vector A µ and to a real scalar ϕ
where F µν is the corresponding field strength and D µ is the covariant derivative. The main features of this Lagrangian are the following:
• φ is coupled to vector A µ and is therefore involved in the Higgs spontaneous symmetry breaking mechanism;
• ϕ is not coupled to A µ , and therefore is not restricted to choose a specific vacuum, allowing the convexity mechanism described above to occur;
• The coupling of φ to ϕ implies that the Higgs vacuum v plays a role in the real scalar sector.
Choosing a gauge where the Higgs vacuum is φ vac = v, and parametrising fluctuations above the vacuum as φ 1 = v + ξ, the potential term can be written
and is the sum of three contribution: (i) the term containing ξ and φ 2 only, which is the usual one arising in the Abelian Higgs mechanism; (ii) the term containing ϕ only, which leads to the convexity construction; (iii) the interaction term. It is worth noting that, after the non-perturbative quantum effects described in this article, the real scalar field ϕ fluctuates around 0 and not v, such that the last term in the potential (11) indeed describes interactions only, between the different scalars.
Conclusion
The main point in this note consists in the identifications (5), which allow the hirerachy between the scales m and v in natural way, and predict that ultra-light particles are noninteracting. A more detailed analysis would involve the calculation of the convex effective potential in curved space time, which should not modify the orders of magnitude obtained here though. Also, since the present picture is consistent with mass scales related to the Electroweak transition, it would be interesting to study further the potential link between the Higgs boson and ultra-light scalar DM.
